We study magnetic vortex-like excitations lying on the surface of a circular cone. Its energy appears to be linearly dependent on the conical apperture parameter, besides of being logarithmically divergent with sample size. In addition, we realize a geometricallike pinning of the vortex, say, it is energetically favourable for it to nucleate around conical apex. Similar effect is also obtained whenever it interacts with a spin vacancy on this geometry. We also pay attention to the problem of the vortex pair and how its dissociation temperature depends upon conical geometry.
Introduction and Motivation
Several properties of magnetic systems are widely explained by means of Heisenberg-like models of interacting spins. Namely, for those samples described by two-dimensional XYlike Hamiltonians (easy-plane and planar rotator model), there is a special result stating that even though no long range order is observed in the system, a phase-transition indeed takes place at a critical temperature, T BKT , by virtue of the depairing of vortex-like excitations [1, 2] . Since such a phase-transition comes about by depinning of topological excitation pairs, it is often called topological phase-transition.
On the other, it should be emphasized that even the purest fabricated magnetic structures present some percentage of impurities, magnetic and/or nonmagnetic ones. Although impurities may be the cause of spurious effects in a physical system, it should be emphasized that whenever we can control some of their properties (density, size, spin, etc) they can bring about new interesting effects to the material. Kondo effect and dopped semiconductor samples are two examples in these lines. Particularly, in a magnetic medium it has been shown that the presence of nonmagnetic impurities (spin vacancies) induces around them stronger magnetic correlations, instead of weekening or destroying them. Such an effect has been investigated theorically [3, 4, 5, 6, 7, 8, 9] and observed experimentally [10] .
More recently, considerable attention has been devoted to the study of magnetic samples structured with curved geometry, e.g., cylinders, cones, spheres, torus, etc. What has been observed in such cases is that interesting interplays between magnetism and geometrical features of the background may affect spin structure and dynamics, namely, spin-texture structures (solitons, vortices, etc). For example, on the surface of a rigid magnetic cylinder solitons appear to be sine-Gordon-like excitations [11] , while on the surface of a elastic one, they tend to deform the cylinder in order to relieve the geometrical frustration brought about by nonconstant curvature, anisotropies, Zeeman effect, etc [12] . Now, on a conical support their energy gets lower as long as cone is tighten, indicating that such surfaces could be thougth as pinning defects for solitons [13] (see, however [14] ). In turn, such an interest partially lies on the fact that magnetic samples can be currently manipulated at very small scales (around some dozens of nanometers or even smaller) and/or several shapes [15] and the knowledge of their magnetic properties is important for potential applications, like devices for data recording and logic gates [16] . Furthermore, carbon nanocones has been reported, for example, in the work of Ref. [17] .
Here, our attention shall be given to vortex-like excitations lying on a conically structured Heisenberg magnet surface. Our initial motivation for considering such a problem was to analyze how angle deficit in a given surface affects excitations whose solution is angle-like dependent. Indeed, as we shall see in what follows, by virtue of the conical deficit angle such excitations present lower energy, E v cone , than their counterpart on a flat plane. Actually, energy diverges as sample conical area blows up (like ln), but decreases linearly as cone apperture angle, 2α, is lowered. This will be the subject of Section 2. Preceding result opens us the possibility of geometrically control the energy of vortex-like excitation on actual finite-size samples and of pinning these excitations around conically shaped structures. Indeed, we shall realize that magnetic vortex tends to nucleate around conical apex (Section 3). Going further, in Section 4, we shall study the problem of placing a static spin vacancy interacting with a vortex. In this case, we shall see that the effective potential, V eff , between them also gets weeker as α is decreased. Such a result could be thought as a geometrical tunning of the spin-vacancy potential, which now depends on the separation vortex-vacancy and on cone apperture as well.
We also address the problem of a vortex-pair on the conical magnet. This shall be done in Section 5. Similarly to the usual flat plane case, the pair on the cone present finite energy, whose value appears to increase logarithmically with separation of the excitations and decreasing linearly as α-angle is lowered. Now, the estimated effective potential between a vortex pair and a spin-vacancy, similarly to what happens in the planar curvatureless case, induces the appearance of a more fundamental metastable pair, since the attractive nature of such a potential decreases total energy. Nevertheless, as cone is tighten such a potential appears to decrease in a such a way that for sufficiently small apperture the metastable state mentioned above is ruled out from the spectrum. Section 6 is devoted to a discussion on possible consequences of the conical geometry on the problem of deparing of vortices, namely how critical temperature is sensitive to geometrical parameters in the conical background. Finally, we close our work by pointing out our concluding remarks and prospects for future investigation.
The model and vortex-like solution
Let us consider a Heisenberg-like model for nearest-neighbors interacting spins on a twodimensional lattice, like below:
where J > 0 is the ferromagnetic exchange coupling between neighbor spins and
) is the spin operator at site i. Parameter λ answers for the anisotropy between spin couplings: λ > 1 spins tend to align along z-axis (easy-axis regime); for λ = 1 we have the isotropic case; while for 0 < λ < 1 we get easy-plane regime. Finally, for λ = 0 we get the so-called XY model.
Whenever dealing with a general surface, we could also take into account another model which incorporates possible anisotropy due to the alignement of spin along the normal of this surface, like follows:
where n i is a unity vector normal to the surface at each site, i. Thus, for d = 0 we have the possibility of having spin components directed outside the surface locally contributing to the total energy. This may be particularly important for taking into account, e.g., magnetostatic energy associated with topological excitations lying on a non-planar background. In fact, d-term works like a single-ion anisotropy parameter in a general surface, so that as long as we are dealing with a flat one, say, xy-plane, then such a term recover usual single-ion
It should be noticed that depending on the value of d parameter out-of-plane spin component could develop even in the isotropic case, say, λ = 1. Results concerning such a issue for (flat) square, hexagonal and triangular lattices are available in the work of Ref. [18] .
In the continuum approach of spatial and spin variables, which is valid at sufficiently low temperature and long-wavelength limit, Hamiltonian above may be expanded to yields:
where E 0 is the ground state energy. In turn, the classical spin state taken to be S = (sin θ cos Φ, sin θ sin Φ, cos θ), with θ = θ( x, t) and Φ = Φ( x, t), while n is a vector field (with unity strength) so that it is normal to the surface at each point. Therefore, the S 2 -parametrization of S is such that at each point of the physical surface θ is the angle between S and n, S · n = cos(θ) ≡ m, while Φ is the local polar angle of S 2 . In turn, the integral is taken over an arbitrary surface, Ω, while D = iê i D i represents the covariant derivative on such a surface.
Although we have presented Hamiltonian model (2) above, here we are mainly interested in static plane-like vortices excitation, say, those whose spins lie only on the surface, so that the term d ( S i ·n i ) 2 identically vanishes. More precisely, we shall be interested in classical "easy-plane" Heisenberg spins systems lying on a conical surface, so that an analogy with planar gravity for a point-like mass is possible (see, for example, Ref. [13, 19] ). Actually, if we specialize to the surface of a circular cone (with coordinates (ρ, τ ) as shown in Figure 1 , with β ≡ sin α), and planar cylindrically symmetric solutions, θ = π/2 ( S perpendicular to n everywhere) and Φ = Φ(τ ), we get (∂ τ = ∂/∂τ ):
whose eq. of motion, ∂ 2 τ Φ = 0, has the associated solution: Φ(τ ) = Qτ (Q = 0, ±1, ±2, . . . is the charge of the vortex). Its energy is easily obtained and reads:
where a 0 ≈ 0.24a is an appropriate cuttoff to prevent spurious divergence that comes about by continuum approach at small distances and to provide a correct energy to the XY vortex on a planar square lattice [20] , while a is the actual lattice spacing parameter. In addition, since the solution is cylindrically symmetric and centered at (x, y) = (0, 0), then its counterpart lying on the cone appears to be centered at the conical apex, as shown in Figure 1 . The main conclusion is the following: whenever lying on the surface of a cone, a vortexlike excitation presents lower energy than its flat plane counterpart. Moreover, as cone is tighten, such an energy appears to linearly decrease. We may understand this geometrically like follows: as long as we remove a part of the original disc area, we also remove some magnetic sites. Since we are thinking of spins as a static field, then they cannot increase their variation, ∇Φ, to compensate the lack caused by removed ones. Hence, as φ goes from 0 to ±2πβ, then Φ → Φ ± 2πβ Q. Thus, Φ(φ) = Qφ (φ is the usual polar angle in the plane). However, by identifying lines u and v the curvature induced in this process naturally forces spins to take a complete round, similarly to the paralell transport of vectors on an arbitrary curved surface. Now, on the cone, as long as angle τ goes from 0 to ±2π, Φ → Φ ± 2πQ, hence Φ = Qτ . Actually, since energy goes like square spin variation, times area, (∇Φ) 2 dΩ, with dΩ = β RdR dτ , we clearly see that the decreasing of energy comes about by angle (area) deficit of the original disc.
It should be noticed that Belavin-Polyakov-like solitons present a similar characteristic whenever defined on a conical support [13] , say, their energy also linearly decreases with β parameter (see, however, Ref. [14] , where is considered another solution whose energy does not depend on the conical apperture angle). Furthermore, we shall see, in the next section, that vortex energy is lower whenever it nucleates around conical apex, a fact that could be interpreted as a geometrical pinning of magnetic vortex. 3 The geometrical pinning of magnetic vortex on a conical support
In the preceding section, our analysis was performed so that vortex lies on the cone centered on the conical apex. We may wonder whether this is the unique possible case. Actually, as we shall see in what follows, this is the most energetically favourable configuration but not the unique one. In order to see this, let us consider the magnetic vortex configuration illustrated in Figure 2 . Its core is apart D from that point which, after identification of lines, u = v, will play the role of conical apex. Furthermore, it should be noticed that cylindrical symmetry of the vortex must be verified along n-vector which is now the nomal vector to the surface at each point, z-axis whenever it was nucleated on the top of cone. Such a configuration clearly reads, Φ D = arctan[(y − y 0 )/(x − x 0 )], whose energy may be explicitly calculated to be: Some limits are in order: first, notice that as long as β → 1 then E(D, β = 1) = π J ln(L/a 0 ) recovering its flat counterpart. On the other hand, whenever β → 0 then D is meaningless and is vanishing, so that E(β = 0) = 0. Now, if we set D = 0 we recover equation (5), as expected. However, as long as D becomes very large, D → L − a 0 → ∞, vortex energy is unaffected by conical geometry, say, E(D → ∞, β) = π J ln(L/a 0 ). The last result may be easily understood if we remember that vortex energy density is proportional to r −2 , so that, quite apart from the core vortex it is very small and so practically not sensitive to area deficit. This is also the reason why its total energy is increased as long as the vortex is not nucleated around conical apex. On the other hand, we may think that apex attracts magnetic vortex according to
so that in the limit D/a 0 << 1 we get a linearly confining potential, π J(1 − β)D/a 0 . Thus, once that vortex is centered on the apex, its configuration is highly stable since a very strong force would be required to take it from there. It should be noticed that such a scenario resembles quark confinement, where a linear potential provided by gluons keeps quarks together. In addition, noticed that in the limit β → 0 such a potential is not continuous since a naive calculation gives V apex (D, β = 0) = π J ln(1 + D/a 0 ) = 0. However, as stated above, D = 0 as long as β = 0, so that this potential must vanish in this case. Therefore, expression (7) is explicitly valid only for non-degenerate cone, say, 0 < β ≤ 1. Because apex nucleated magnetic vortex is a stable state, we may wonder whether this could be thought as a mechanism for magnetic recording and logic gates, for example, in the lines put forward in Refs. [21, 22] . Furthermore, following ideas from Refs. [22] , we may wonder whether conical shaped defects could not be incorporated into submicron magnetic particles so that vortices would appear nucleated around conical tops instead of hole-pinned vortex metastable states.
Magnetic vortex interacting with a static spin vacancy on the cone
Following the work presented in Ref. [6] , it is easy to estimate the effective potential between a vortex and a static spin vacancy by removing a small area from the cone (in the discrete lattice it should correspond to the subtraction of a bulk of 4 coupled spins around the point-like impurity, in the case of a square lattice), like below:
where nonmagnetic impurity static potential, U( R 0 ), is such that
Then, the energy of the vortice while interacting with one static nonmagnetic impurity, placed at R 0 , is given by:
The effetive potential between these objects, V imp = E V I−cone − E(D, β) is easily calculated and reads:
where b 2 = (1.03 a) 2 /β is a cuttoff introduced to prevent spurious ultraviolet divergences related to the continuum approach at small distances. In addition, this value is such that V imp (D = R 0 ) = −4.48J (see Ref. [6] ).
Then, both conical apex and spin vacancy works like pinning points for magnetic vortices. Therefore, the net potential experienced by the vortex subject to both effects reads like follows:
(11) Figure 3 shows how V eff and E VI−cone behave as D is varied for some β values. It should be noticed that impurity pinned vortex remains the most stable configuration for β sufficiently high. However, as β decreases V apex gets stronger, according to eq. (7), in a such a way that for β < β 0 (in this case, β 0 ≈ 0.54) apex potential dominates impurity one. Thus, whenever β < β 0 vortex-apex pinning appears to be energeticaly favourable than vortex-impurity configuration. In turn, vortex-defect pinning has been experimentally and theoretically proposed as an interesting mechanism for magnetic recording and processing logic gates [22, 23] . Therefore, combining results from Refs. [21] with those from Refs. [22, 23] we may wonder whether a similar programm could not be carried out using nanostructured coniclike geometries, where combined effects of apex and possible holes would give rise to a richer framework for magnetic vortex pinning states. for some values of β parameter, also depicted. It is worthy noticing that for β sufficiently small (in this case, ≈ 0.54 or less) energetics tends to nucleate magnetic vortex around conical apex, while for β > 0.54 vortex-impurity pinning appears to be the most stable configuration. Left: Total energy of magnetic vortex on the cone subject to the impurity effect.
[We have taken, R 0 = 5a].
The pair vortex-antivortex on the cone
Now, let us consider the case of a pair vortex-antivortex on the cone. The general case of two vortices with charges q 1 and q 2 may be obtained in the usual way. Let us start by considering, like in the previous case, the vortex-antivortex solution in x − y coordinates, say:
whose energy reads (up to a constant pair formation energy around βπ 2 J):
Here, D is the vector from origin to the conical apex, while P 1 and P 2 localize vortex and antivortex center, separated by P = | P 1 − P 2 |. Similarly to the single vortex case, an extra energy is required in order to take the pair aparted from the apex, say, there is an effective potential between them which tends to keep the pair nucleated around the cone top. This may be clearly realized in Figure4, where we have displayed how E paircone as function of D-parameter for some values of β. Notice that as long as cone is tighten (β is decreased) the pair energy appears gets lower values. In addition, notice also that the potential well provided by apex gets deeper, say, the stable states for the pair is obtained for vortex (or antivortex) nucleated on the apex. Analogously to the single vortex case, a geometrical pinning of magnetic vortex is also observed here. We may also wonder whether such a scenario is modified by the presence of a nonmagnetic impurity, say, located at R 0 . Actually, such a problem was treated in the usual plane case [7] . Basically, a small circular area is removed from the magnetic cone (what represents the continuum analog of the removal of a bulk of 4 sites in the square lattice sample; see Section 4 for further details). The potential experienced by the pair whenever interacting with this spin vacancy may be estimated and reads like follows:
where P = P 1 − P 2 . Therefore, the total energy of the vortex pair on the cone whenever interacting with a static spin vacancy, E pair−total = E paircone + V imp and is directly obtained by summing up eqs. (13) and (14) . In Figure 5 we plot how E pair−total behaves as function of vacancy position, R 0 = | R 0 |. It should be noticed that the stable configurations are those corresponding to vortex (or antivortex) nucleation around impurity, similarly to single vortice case. 6 The temperature of vortex-pair unbinding on the cone
It is well-known that XY model (and Planar Rotator model, as well) display phase transition at finite temperature, T BKT , by virtue of the depairing of vortex-antivortex excitations. Such a temperature takes place whenever free energy functional, F = E − T S, changes signal, i.e., as long as entropy, S, (or thermal fluctuations) dominates the system total energy. In a first analysis, Kosterlitz and Thouless [2] estimated this as T KT ≈ π J/k B for the XY model, where J is the exchange energy parameter between nearest neighboor spins and k B is the Boltzmann constant. Actually, in this same paper they refine their estimative using additional results obtained by Berezinskii [1] and obtains T BKT ≈ 0.12πJ/k B . Nowadays, it is well-established that such a result gives ≈ 0.22πJ/k B (see Ref. [24] for details).
More recently, the issue of how spin vacancies affect this transition has been also addressed (see, for example, [6, 8, 9] and related references therein). Actually, several simulations have shown that vacancies tend to diminish transition temperature, so that at concentrations equal or above the critical one, topological transition is ruled out at any finite temperature [9] .
Here, we would like to present a simple consideration of how geometrical features could also implies in modification of such a temperature. In our case, the area is given by βL 2 , L being the size of an arbitrary cone, measured from the apex. Then, entropy goes like S cone = k B ln(βL 2 /βa 2 ) = 2k B ln(L/a), like in the usual planar case. On the other hand, vortex energy (unit charge) is given by E v−apex = πJβ ln(L/a). Thus, a rough analysis gives
as the depairing temperature of vortex-antivortex excitations for XY model defined on a conical geometry. Actually, if we could extrapolate results from Ref. [24] to the present geometry, we would get k B T cr−cone = 0.22 πβJ.
Conclusions and Prospects
In the present work we have considered vortex-like excitations of XY -like model (our results also apply to the Planar Rotator Model, as well) on a circular conical support. We have seen that whenever lying on a cone, vortex (or antivortex) energy appears to linearly decrease with conical apperture angle, so that as cone is extremally tightened (β → 0), its energy vanishes like sample size does. In addition we have realized that is energetically favourable for magnetic vortex to nucleate around conical apex. Then, we could thougth conic-like magnets as pinning defects for such excitations.
We have also considered the case of a single static spin vacancy interacting with a vortex. Similarly to what takes place in the usual flat case, also here global effects of such a vacancy tend to decrese vortex energy. Nevertheless, we have also realized that the attractive potential between them appears to gets weeker as cone apperture is diminished, a fact what suggests us a geometrical way of controlling external influences on the vortex.
Going further, we have taken a vortex-pair solution defined on the cone. Analogously to the former case, even though its energy logarithmically depends on their distances, it also depends linearly on β parameter. In addition, if we also take into account the effect of a single static nonmagnetic impurity to the pair, we observe that, for some suitable arrangments, the effective potential presents its minima no longer at vortex/antivortex position, unless β = 1. Actually, as β gets lower such minima are obtained at points even closer to conical apex.
As a final result, connecting geometrical aspects with Berezinskii-Kosterlitz-Thouless transition related issues, on a cone such a transition is expected to takes place at lower temperatures, say, k B T cr−cone = πβJ.
As Prospects for future investigation we may quote, for example: i) simulations of spin models in order to confirm our assertions and results presented here; ii) study of magnetostatic energy on the cone surface, mainly in connection with nanosized magnets; iii) investigation of topological excitations (solitons, vortices, etc) on other geometries, e.g., sphere, torus, etc, also in connection with nanomagnetism and magnetoeleastic objects.
